We confirm that the number of globular clusters (GC) N GC is an excellent tracer of their host's dark halo virial mass M vir . The simple linear relation M vir = 5 × 10 9 M ⊙ × N GC fits the data perfectly from M vir = 10 10 M ⊙ to M vir = 2 × 10 15 M ⊙ . This result is independent of galaxy morphology and even extends statistically into the dwarf galaxy regime with M vir = 10 8 − 10 10 M ⊙ . As this correlation does not depend on GC mass it is ideally suited for high-precision determinations of M vir . The linearity is most simply explained as a result of hierarchical cosmological merging of a high-redshift halo seed population that hosted on average one GC per 5×10 9 M ⊙ ×(1−η smooth ) of dark matter mass. Here η smooth ≈ 0.9 denotes the fraction of the present-day dark halo mass that was accumulated by smooth accretion. Strong secular evolution of the GC system requires significant fine-tuning as processes like GC disruption generate non-linear correlations that are not observed. The cosmological merging scenario also implies a strong decline of the scatter in N GC with increasing virial mass δN GC /N GC ∼ M −1/2 vir in contrast with the observations that show a roughly constant scatter, independent of virial mass. This discrepancy can be explained if errors in determining virial masses from kinematical tracers and gravitational lensing are of the order of a factor of 2. GCs in dwarf satellite galaxies pose a serious problem for high-redshift GC formation scenarios. The dark halo masses of dwarf galaxies hosting GCs therefore might have been one order of magnitude larger than currently estimated.
INTRODUCTION
Dark halo virial masses are of essential importance in theories of galaxy evolution. They regulate galaxy dynamics, cosmic accretion rates, wind/outflow rates and tidal interactions. They also provide important information on the nature of dark matter. Historically, kinematical tracers such as rotation curves and the velocity dispersion of stellar and gaseous components have been used to measure the underlying dark matter distribution (Thomas et al. 2009 ; for recent reviews, see Courteau et al. 2014 or Bland-Hawthorn & Gerhard 2016 . With baryons being usually more centrally concentrated than dark matter, these methods are mainly restricted to the inner regions. The outer halo parts can be investigated using satellite galaxies or gravitational lensing (Thomas et al. 2011; Merten et al. 2015) . Still, this approach ⋆ E-mail: burkert@usm.lmu.de suffers from the limited number of satellite galaxies, projection effects, anisotropy effects and uncertainties in the 3-dimensional halo shape.
It has been shown that globular cluster systems present another very promising approach to dark halo mass determinations. Blakeslee et al. (1997) found a linear correlation between the total number of GCs in a galaxy (N GC ) and its total mass for brightest cluster galaxies. Spitler & Forbes (2009) identified an empirical near-linear relation between the stellar mass in a GC system (M GC ) and its host galaxy's dark matter virial mass (M vir ), over 4 orders of magnitude in halo mass. They used estimates of N GC from the literature and assumed a mean GC mass of 4 × 10 5 M ⊙ . Total halo masses were estimated statistically from weak lensing studies. Strictly speaking, this work demonstrated a correlation between the number of GCs and M vir . The correlation between GC system mass and virial mass has been subsequently extended by others, assuming different mean GC masses (Georgiev et al. 2010; Durrell et al. 2014) or a mean GC mass that varies with galaxy luminosity (Hudson et al. 2014; Harris et al. 2017) .
For halo masses of log (M vir /M ⊙ ) ≥ 10.5, Harris et al. (2017) confirmed that M GC correlates with M vir with a power-law exponent fully consistent with unity. This was compared to using N GC for E/S0 galaxies only (e.g. excluding GCs associated with clusters of galaxies) for which they quote a non-linear slope of ∼0.9. However, the inclusion of GCs associated with clusters of galaxies, at log(M vir /M ⊙ ) ≥ 14.5, would bring the slope closer to unity. They also examined the scatter of the two relations, finding a slightly tighter relation using directly observed N GC (i.e 0.26 dex) than using the derived M GC (i.e. 0.28 dex). Most recently, extended an analysis to lower halo virial masses, using kinematically-based halo masses. They found that in this low mass regime GC systems were consistent with an extrapolation of the linear relation from higher masses (Spitler & Forbes 2009 ). Thus the relation now extends over a remarkable 7 orders in halo mass. Forbes et al. also showed that only for the very lowest galaxy masses does N GC scatter about the relation more than using M GC .
Theoretical models seeking to reproduce the near-linear GC system-to-virial mass relation have included Kravtsov & Gnedin (2005) . Over the mass range 9.8 < log(M vir /M ⊙ ) < 11.5 they predicted a M GC vs M vir slope of 1.13 ± 0.08. However, their simulations ended at z = 3.3 and so are not comparable to the relation observed at z=0. The recent semianalytic model of El Badry et al. (2018) can reproduce the linear trend for halo masses log (M vir /M ⊙ ) ≥ 12, but it progressively fails to reproduce the continuity of the M GC relation to the lowest virial masses. In their model, the predicted number of GCs formed is drawn from a power-law mass function with a minimum GC mass of 10 5 M ⊙ . Interestingly, they also introduce an alternative model of random mergers. This does a better job at reproducing the low mass regime than their semi-analytic model which includes various physical processes in a hierarchical cosmology.
In this paper we further investigate the relation of M vir with N GC which is more closely related to the observations and much easier to measure than M GC . In particular, we compare this relation to the expectations from hierarchical merging which provides a very simple and powerful explanation, independent of the complexity of GC formation. We demonstrate that within this scenario N GC is a highprecision indicator of dark halo virial mass which can be used in order to calculate current uncertainties in determining M vir from observations. The GC number -virial mass relation also provides interesting insight into the origin of GCs, the role of high-redshift low-mass seed galaxies, the dark matter content of dwarf galaxies and the importance of mergers in the growth of GC systems.
OBSERVATIONS
Here we take data for N GC and M vir from Spitler & Forbes (2009) and supplement it with data from low mass galaxies ) and four clusters (Virgo, Coma, A1689, A2744) of galaxies (Harris et al. 2017 ). We follow Spitler & Forbes by increasing the GC counts for the central galaxies in the Eridanus, Fornax and Antila clusters by 80% to account for intracluster GCs and GCs around other cluster galaxies. GC numbers for most galaxies are determined by counting all clusters above the peak in the (assumed symmetric) luminosity function and then multiplying this number by 2. The number of GCs for Local Group dwarf galaxies are directly counted and should be fairly complete . The virial masses from Spitler & Forbes (2009) are statistical measures from weak lensing, whereas for both, the Forbes et al. low mass galaxies and the Harris et al. clusters of galaxies, the virial masses are derived for the individual systems, based on their observed kinematics, X-rays etc. Our sample includes galaxies of all types, although it is dominated by early-type galaxies.
The red points and cyan triangles in Fig.1 show the observations. The data extends from dwarf galaxies (red open points) with log(M vir /M ⊙ ) ≥ 8 to clusters of galaxies with log (M vir /M ⊙ ) ∼ 15, i.e. 7 orders of magnitude. A leastsquares fit, neglecting the dwarf regime (log (M vir /M ⊙ ) ≤ 10) where a correlation can only be valid statistically (see below) gives a perfectly linear relationship with:
This correlation implies a characteristic dark matter mass in virialized halos per globular cluster at z=0 of
The correlation is independent of galaxy type. The cyan triangles in Fig.1 show that the 7 spiral galaxies in our sample lie perfectly within the distribution of early-type galaxies. More quantitatively, the spirals have mean virial masses of log M vir /M ⊙ = 12.09 ± 0.17 and GC numbers of log N GC = 2.25 ± 0.23. For this virial mass, equation 1 predicts log N GC = 2.28, in excellent agreement with the observations. Note that equations 1 and 2 are valid for cosmic redshift z=0. Smooth accretion of dark matter implies that M D M,GC will decrease with increasing z, providing valuable insight into the growth and merger history of dark matter halos (see below).
The linear correlation appears to break down in the dwarf galaxy regime for M vir ≤ M D M,GC where galaxies typically contain a small number of GCs, if at all. This is however precisely what would be expected, if the equations (1) and (2) remain valid even in this mass regime. Figure 1 only shows galaxies that contain at least one globular cluster. For halos with masses below ∼ M D M,GC , equation (2) can only be true statistically as in this regime, the fraction of halos that contain GCs must be less than unity. For example, on average, only 1 out of 5 halos with M vir = 10 9 M ⊙ should contain a globular cluster. In order to test this conjecture observationally one would need a statistically complete sample of dwarf galaxies with known N GC and M vir , including especially galaxies without any globular cluster. This is not available yet. We will however show in the next section that the merging scenario provides insight into this question and indicates that equations (1) and (2) Observed correlation between the number of globular clusters N GC versus the virial mass of their host dark matter halos M v ir . The data extends over 7 magnitudes in mass from dwarf galaxies (open red points) to disk galaxies (cyan triangles) and ellipticals, all the way to galaxy clusters (both shown by filled red points). Only halos which contain at least one globular cluster are shown. The dashed line depicts the empirical correlation (equation 1). The black triangles show a Monte Carlo merger simulation that starts with a seed halo population in the dwarf galaxy regime (10 8 M ⊙ ≤ M v ir ≤ 10 9 M ⊙ ), filled randomly with 0,1 or 2 globular clusters, such that on average one globular cluster per 5 × 10 9 M ⊙ of dark matter is generated. In this simulation a new halo is formed in the seed regime after every merger event in order to keep the total number of halos constant. Error bars denote the variance around the mean of the merger population which strongly decreases towards higher masses due to the central limit theorem, in contrast with the observations.
THE POWER OF HIERARCHICAL MERGING
A linear correlation between physical quantities usually points towards a fundamental and simple origin. Hirschmann et al. (2010) already suggested hierarchical merging in order to explain the anti-hierarchical black hole growth and the linear correlation between central black hole mass and galaxy mass (Häring & Rix 2004) . A similar argument can also be applied to the excellent correlation between black hole mass and number of GCs (Burkert & Tremaine 2010) . Jahnke & Maccio (2011) discussed linear scaling relations within the framework of the central limit theorem and noted that, in this case, the black hole -bulge mass scaling relation is entirely the result of a non-causal origin. Kruijssen (2015) and lateron Boylan-Kolchin (2017) pointed out that an initially constant GC-to-halo mass ratio in a high-z galaxy seed population would be preserved during the hierarchical merging phase till z=0. El Badry et al. (2018) extended this analyses to an initial population with no correlation. Like Jahnke & Maccio (2011), they argued that subsequent merging due to the central limit theorem would quickly establish a linear correlation and that this effect is so strong that the currently observed linear correlation for virial masses above 10 11 M ⊙ does not contain any information about the physics of globular cluster formation and evolution.
The situation is however more subtle. As a simple demonstration, let us start with a random merging model, following El Badry et al. (2018) . Consider a seed population of n galaxies with a distribution of virial masses (M vir,i : i=1...n) and globular cluster numbers (N GC,i : i=1...n). Let us denote the average virial mass of this population as M vir = n i=1 M vir,i /n and its average number of globular clusters as N GC = n i=1 N GC,i /n. Following equation (2) the dark matter mass per GC is then M D M,GC = M vir / N GC . Consider now one object that undergoes k mergers with other seed galaxies. For large values of k, its mass will approach a value of M vir ≈ k × M vir , independent of its initial mass. The same is true for its globular cluster number which will approach a value of N GC ≈ k × N GC . In summary, a population of galaxies, growing by merging from a seed population will always move onto a universal linear correlation
with the location of an object on this correlation being determined by the number k of mergers. In reality the situation is more complex due to the fact that we also allow mergers between objects that had already experienced mergers. However these objects lie already close to the linear relationship. The merger remnant therefore just shifts along this relation to larger masses. Note that equation 3 contains valuable information on the initial seed population, i.e. its M D M,GC and by this on the physics of GC formation. Fig. 2 shows a Monte Carlo simulation, similar to El Badry et al. (2018) . We start with an initial seed population with virial mass, equally distributed in the logarithmic mass range 10.4 ≤ log(M vir /M ⊙ ) ≤ 11.1, filled randomly with globular cluster systems with a total number of globulars being equally distributed in the logarithmic mass range 0.1 ≤ log N GC ≤ 1.7. We chose this dispersion in order to match the observed scatter of observations in the low-mass regime and to be consistent with equation 2. The box in the lower left corner in the upper panel of Fig. 2 shows the region initially populated with the seed population. We now select randomly two halos and merge them. The total virial mass and the total number of GCs after the merger is the sum of the virial masses and GC numbers of each component and the total number of halos is reduced by one. Repeating this procedure generates a distribution of halos with globular cluster systems as shown by the black points in the upper panel of Fig. 2 . For comparison, the red points show the observations. In the lower left corner one can still see the seed population with no correlation while at the same time merging has produced a sequence of more massive halos that follow nicely a linear correlation. The observed linear trend is perfectly reproduced. We confirmed with additional test simulations that this result is independent of the initial distribution of seed virial masses and globular cluster numbers. It also does not depend on the average initial virial mass or average globular cluster number as long as the requirement is fulfilled that there is on average 1 GC per M D M,GC = 5×10 9 M ⊙ in the seed population.
A second key physical property is the scatter of data points around the linear correlation. One can already clearly see in the upper panel of Fig. 2 that the variance in N GC in the simulation declines fast with increasing M vir while it remains roughly constant in the observed sample. This is quantified in the lower panel of Fig. 2 where we show the logarithm of the scatter σ = (δN/N) GC of the observations around the best fitting linear correlation (equation 1). For that, we first subtract the linear correlation N GC (M vir,i ) from every data point i with GC number N GC,i and virial mass M vir,i and then determine the scatter within a given logarithmic virial mass bin as the region containing 68% of the data points. σ is almost constant with a small decline for galaxy clusters. In contrast, the random merger model leads to a variance that declines as σ ∼M −1/2 vir (dashed line). This is a fundamental property of any merger scenario. The central limit theorem predicts that the scatter should change as δN GC ∼ √ N GC , leading to 
vir . As a result, this feature is always expected, independent of the adopted seed population or of the maximum virial halo mass where we stop the simulation. The strong decline of σ therefore indicates that hierarchical merging should produce a very narrow correlation that allows a precise determination of halo masses, especially for massive halos with an accuracy of
At the moment, the observational data is still very limited. In order to explore the effect of the low-number statistics we took our merger simulation and randomly chose in each virial mass bin the same number of galaxies as observed. For this subsample we then determined again the variance. We repeated this calculation 1000 times and from that determined the scatter of σ which is shown by the error bars in Fig. 2 . They reflect the expected uncertainties in determining σ for the case of a restricted sample of observed galaxies. The discrepancy between the observations and the simulation is still much larger than the error bars, demonstrating that one cannot explain this difference by low-number statistics.
In the previous simulations we focused on the most simple case of random merging, with the number of halos decreasing by one with each merger. This affects especially the low-mass halos that get continuously depleted while more massive halos form. As a result, in the later phases of evolution the peak of the halo mass function shifts from the seed population to larger masses, approaching a Gaussian due to the central limit theorem. This is not in agreement with the dark halo mass distribution, inferred from cold-dark-matter simulations that follows a power-law mass function dN/dM ∼ M −2 (Springel et al. 2008) . In order to investigate the dependence on the halo mass function we performed Monte Carlo simulations where, after each merger event, we generated a new low-mass seed halo, following the same procedure as applied to the original seed population. Now the mass function of halos peaks at all times at the lowest halo mass. However, both, the emergence of a linear dependence and the strong decline in the variance of N GC proportional to M −1/2 vir is not affected, as long as the new population on average follows equation 2.
SMOOTH COSMOLOGICAL ACCRETION VERSUS HIERARCHICAL MERGING
The previous section neglected one key element of cosmological halo growth which is smooth accretion. Here smooth accretion refers to the infall of dark matter particles that are not bound to substructure and of dark matter structures below a critical halo mass M min that could not seed any globular cluster, even statistically. A conservative estimate, obviously, is that halos with virial masses less than a GC mass could never form a globular cluster. M min could however be much larger than that. For example, BoylanKolchin (2017, see also Kravtsov & Gnedin 2005) assumes that the formation of the blue (metal-poor) cluster population ended at z=6 with dark halos above a minimum critical mass M vir ≥ M min hosting N GC = M vir /M min blue GCs. All substructures below this critical mass did not contain a GC. He then shows that one can reproduce the presentday correlation between blue GC-system mass and M vir if M min = 1.07 × 10 9 M ⊙ . He also shows that for this value of M min smooth accretion dominates strongly the growth of dark halos. More precisely, the fraction η smooth of the present-day dark halo virial mass, resulting from smooth accretion is η smooth =89%. As N GC = (1-η smooth ) M vir /M min the linear correlation set up at high redshift will only be preserved if η smooth is independent of halo mass. BoylanKolchin (2017) indeed finds a constant, mass-independent value for massive galaxies. The situation changes however for smaller masses of log M vir /M ⊙ ≤ 10, as discussed in the next section.
EXTENSION INTO THE DWARF GALAXY REGIME
In Fig. 1 the data points begin to deviate from the linear relationship for M vir ≤ 10 10 M ⊙ which is what one would expect if the rule of 1 GC per 5 × 10 9 M ⊙ extends all the way into the dwarf galaxy regime. As discussed previously, in this regime the correlation can only be valid in a statistical sense. To test this conjecture we ran another hierarchical merger simulation. Now we started with a seed population equally distributed in 8≤log(M vir /M ⊙ )≤9 which we populated randomly with 0, 1 or 2 GCs such that the population satisfies equation 2. The black triangles with error bars in Fig. 1 show the evolution of GC number with virial mass if we consider only halos that contain at least 1 GC. In excellent agreement with the observations we find a change in the linear correlation at 10 10 M ⊙ , with a flat tail extending deeply into the dwarf galaxy regime. Figure 3 compares the Boylan-Kolchin (2017) model (red triangles, data kindly made available by Mike BoylanKolchin) with the observations (open and filled circles). Only halos with at least one GC have been considered. The model focuses on the blue GC subpopulation. In order to account also for the red (metal-rich) subpopulation we divide the GC numbers by the blue fraction f blue , with (Harris et al. 2015) f blue = M vir 10 10 M ⊙ −0.07 (5) and the additional constraint that f blue is not allowed to drop below a value of 0.5 (high-mass regime with M vir ≥ 10 14 M ⊙ ) or above a value of 1 (low-mass regime with M vir ≤ 10 10 M ⊙ ). The simulations fit the data quite well, especially in the high-mass regime for virial masses M vir ≥ 10 12 M ⊙ . For smaller masses, the theoretical constraint of no GCs below M min = 10 10 M ⊙ becomes visible and the correlation declines faster than linear. The correlation finally levels off close to M min , in agreement with the observations. However, in contrast to the observations, the model predicts no globular clusters in halos below a virial mass of 5× 10 9 M ⊙ , that is the filled circles in Fig. 3 cannot be accounted for. Like the random merging model the scatter in N GC , reflecting variations in the amount of smooth accretion, declines rapidly with increasing virial mass proportional to M −1/2 vir and becomes negligible for log(M vir /M ⊙ ) ≥ 12. This confirms that cosmological merging leads to a very tight relation and that N GC is a precise tracer of dark halo mass, especially for massive halos. As argued below, the large scatter in the observations might then be dominated by errors in determining M vir .
Continuous GC formation and disruption
What is the origin of the discrepancy in the scatter between observations and theory, shown in the lower panel of Fig.  2 ? Galaxies continuously loose globular clusters by disruptive processes (e.g. Fall & Zhang 2001; Bose et al. 2018) . A prominent example in the Milky Way is Pal 5 (Odenkirchen et al. 2002; Küpper et al. 2015) . If this is a random process, depending e.g. on the orbital parameters of GCs it should increase the dispersion of N GC . In order to investigate this process we introduce a disruption parameter η with log η equally distributed between 0 and log η max . Each time the virial mass of a galaxy in our merger model has grown by a factor of 2 we divide its number of GCs by η. Our merger simulations show that this process can indeed increase the scatter in N GC also for large values of M vir . Good agreement with the observed scatter is however achieved only for very high values of η max ≈ 6 that would strongly affect the GC system. In addition, the negative side effect now is that the correlation between N GC and M vir becomes shallower than observed. Of course one can fine tune the model, by e.g. introducing some mass dependence of η max (M vir ). It appears however unlikely that this should conserve the linear correlation. Mieske et al. (2014) , for example, find that GCs should preferentially disrupt in galaxies with absolute visual magnitudes M V ≈ -20 mag due to the fact that these galaxies have the largest 3D mass density within their halflight radius. Starting with a linear correlation as a result of hierarchical merging, this disruption process would produce a dip in N GC at this visual magnitude which is not observed.
Another way to keep the correlation linear while increasing the scatter is by generating on average as many globulars as are destroyed. Our merger simulation shows that, adopting now η max ≈ 2.5 indeed reproduces the observed spread, while at the same time maintaining a linear correlation. The agreement with observations can be improved even further if we adopt that no globular clusters are destroyed or form for virial masses above log(M vir /M ⊙ ) > 13.6. Although a viable model, this case can be excluded. Globular clusters are on average very old systems (Strader et al. 2005) . While GCs might continuously be lost by tidal stripping (Baumgardt & Makino 2003) or by spiraling into galaxy centers their old ages make it unlikely that as many globular clusters are continuously formed as are disrupted.
A likely ingredient of the observed scatter are uncertainties in virial mass determinations which all rely on tracers that sample certain halo regions with simplified assumptions about halo geometry and kinematics. The dashed lines in the lower panel of Fig. 2 show how the scatter σ changes with virial mass for our hierarchical merger model if one adds a random, Gaussian error in determining M vir with a dispersion δ log M vir . For given logarithmic error, the decline in σ flattens below a critical value which increasing with increasing δ log M vir . We find that one can reproduce the observations if δ log M vir ≈ 0.25 dex, corresponding to uncertainties in virial mass determinations of a factor of 1.8.
DISCUSSION AND CONCLUSIONS
The observations, collected in this paper, reveal a perfectly linear correlation between GC number and dark halo virial mass over more than 5 orders of magnitudes: dark halos contain 5 ×10 9 M ⊙ of dark matter per GC. The correlation even continues statistically into the dwarf galaxy regime, extending it to a mass range of 7 orders of magnitude. This empirical relation provides a powerful tool to determine halo virial masses, independent of any kinematic tracers or other methods, like weak lensing. Compared to previous discussions that focused on GC system mass, (e.g. Harris et al. 2017; ) GC number has the advantage of not suffering from uncertainties in determining the luminosity L and assuming a mass-to-light ratio M/L for each globular cluster. One might argue that GC cluster masses are dominated by massive GCs which are easily detectable while GC numbers are sensitive to low-mass GCs that are hard to find. In this analyses N GC was however in general determined by counting the number of GCs above the peak in the luminosity function and multiplying this number by a factor of 2. It would therefore be even more accurate to argue that each GC above the peak in the GCLF contributes 10 10 M ⊙ of dark matter to the halo virial mass. With this procedure it should in general be easy to determine N GC , as long as the peak of the luminosity function is resolved. Note, that this method also makes N GC insensitive to secular disruption processes that affect preferentially the low-mass end of the GC luminosity function.
The N GC -M vir correlation contains important constraints for models of GC formation and halo growth (e.g. Adamo et al. 2015) . For example, any model that starts with a non-linear halo occupation of GCs has to introduce mechanisms of subsequent GC disruption and formation that are fine-tuned such that at the end a linear correlation emerges. Even starting with an initially linear correlation, subsequent GC disruption could lead to a non-linear distribution, especially as the tidal GC disruption rate depends strongly on the galaxy stellar mass density (Mieske et al. 2014; Kruijssen 2015; Pfeffer et al. 2018) . Note that the immediate disruption of a GC while still being embedded in the gasrich, high-pressure environment where it had formed would not generate any problem. It is the interplay between the long-term build-up of GC systems and halos by hierarchical merging and the long-term secular GC disruption processes within these halos that shape the N GC -M vir correlation.
We confirm previous claims that random merging is an enormously robust mechanism to produce the observed linear correlation. Taking into account cosmological smooth dark matter accretion does not change this result as long as the fraction of smooth dark matter growth is independent of final halo mass. We find that the Boylan-Kolchin (2017) model, where at cosmic redshift z=6 GCs populated halos with virial masses above M min = 10 9 M ⊙ is in good agreement with the observations of z=0 galaxies for virial masses above 10 10 M ⊙ . No GCs should however exist in halos below this mass limit. This is in conflict with the detection of GCs in some dwarf galaxy halos with masses extending down to 10 8 M ⊙ (e.g. ). Using our hierarchical merger model we had argued that these observations are still consistent with the linear correlation (equation 2), however only in a statistical sense. Another possibility could be that these dwarfs with GCs actually formed in halos that were much more massive than usually assumed and that lost a large fraction of their dark matter mass e.g. by tidal stripping once they entered the potential of their host galaxy (e.g. Khalaj & Baumgardt 2016) . In this case, the Fornax dwarf spheroidal with 5 GCs, for example, would have formed in a halo with 2.5 × 10 10 M ⊙ which is a factor of 25 more massive than its currently estimated virial mass of 1.1 × 10 9 M ⊙ . Interestingly, such a large virial mass would be consistent with abundance matching estimates (Moster et al. 2013 ) for Fornax's stellar mass of 4 × 10 7 M ⊙ (de Boer et al. 2012) .
A second important quantity is the scatter of data points around the linear relationship. We find that random merging necessarily produces a dispersion in log N GC that decreases proportional to M −1/2 vir . The same is true for the Boylan-Kolchin cosmological model, including smooth accretion. This first of all implies a very tight correlation for more massive halos, making equation 1 or 2 a precise estimator of virial masses. Secondly, it is in contrast with observations that indicate a scatter that is largely independent of M vir . This discrepancy can be used in order to determine current uncertainties in deriving virial masses with kinematic tracers or weak lensing. We find that an error of a factor of 1.8 can explain the scatter in the observations. The hierarchical merger model of Boylan-Kolchin (2017) assumes GCs to form in small substructures at high cosmic redshifts of z ≥ 6. Strictly speaking, this model applies only to the blue, metal-poor subpopulation. Forbes & Remus (2018) indeed find that cosmological models are consistent with the blue GCs to have formed largely ex-situ of present-day galaxies while the red GCs formed in-situ. The linear correlation of equation 1 was however a result of looking at the total population (for a breakdown into red and blue GCs see Harris et al. 2015 and equation 5) . This requires M vir /N GC = M min × f blue 1 − η smooth = 5 × 10 9 M ⊙ .
The most simple explanation for a constant M vir /N GC would be a constant f blue , in addition to a constant η smooth . The ratio of blue-to-red GCs is indeed constant to good approximation for high masses. The situation is however different for smaller masses (equation 5). The red subpopulation might therefore also have formed ex-situ and early in lowermass galaxies which later on continued to merge into larger structures. This merger process lead to a gradual change in f blue while at the same time establishing the linear correlation between M vir and N GC . In order to distinguish between the various scenarios of GC formation and to better understanding the emergence of the correlation M vir = 5× 10 9 M ⊙ × N GC observations of GC systems as function of cosmic time will be essential. They might answer several key questions. Is the linear relation preserved all the way to high redshifts z ≈ 6? How does f blue as function of M vir evolve with time? What is the redshift dependence of the zero point M D M,GC (equation 2) which provides important insight into the evolution of the fraction of smooth halo accretion η smooth ? Answers to these questions will also give valuable insight into cosmic structure formation and galaxy assembly in general.
